where the special case a = 1 of the weight function w(x) = (a1 + x2)~* is treated.
Consider quite generally the integral (1) f w(x)f(x)dx, Ja where for the weight function w(x) we assume only that the moments fir = I xTw(x)dx exist. It is then known1 that n properly chosen values of the function,/(*,), v = 1, 2, • • •, n, suffice to give the integral exactly by the n sum £ P<f(xr), provided f(x) is a polynomial of degree not higher than 2» -1. »-i The integration formula thus yields the same accuracy with n ordinates as, e.g., Newton-Cotes formula using 2 re equidistant values. The division points x,(a < x, < ß) are the zeros of certain polynomials Fn(x) of degree «, orthogonal with respect to the weight function w(x). The above quadrature formula was first derived by Gauss for the special case w(x) = 1; F*(x) is then the Legendre polynomial of degree n. Similar quadrature formulae of the Gaussian type, as we will call them, have been established for the weight functions w(x) = (x -a)->(ß -x)\ 7 > -1, X > -1, w(x) = xH-x, a = 0, ß = », X > -1,
where the arguments are the zeros of the Jacobi, Laguerre and Hermite polynomials.1 As far as the author is aware no quadrature formula associated with the weight function w(x) = (a2 + x2)~l has been derived before. It has, therefore, been considered worth while to treat the case ß = -a =1, for which division points x, and weights p, are supplied for v = ¡2(1)7 and a = 1.
The importance of quadrature formulae of the Gaussian type for purely numerical work is admittedly restricted through the irrationality of the arguments which necessitates cumbersome interpolation. For problems connected with the numerical solution of integral or integro-differential equations, however, the Gaussian formulae have proved to be of great value. Considering, e.g., a Fredholm integral equation of the second kind
we have approximately
a quadrature formula of christoffel Putting x = y" we can generally solve the system for the unknowns/(y,), and as soon as these basic function values are known, f(x) can be computed from (3) for any value of the argument x. This procedure was first employed for the numerical solution of integral equations by Nyström.2 The same procedure of replacing the integral by a weighted sum for numerical solution of integro-differential equations has been utilized by Wick3 and Chandrasekhar.4 2. The natural starting point for establishing the quadrature formulae is the orthogonal property characteristic of the polynomials F"(x). The following procedure for deriving Fn(x) is due to Christoffel.6 The polynomial Fn(x) is orthogonal with respect to w(x), if It is here required that the coefficient of xn in the polynomial Fn(x) is equal to +1.
The construction of the polynomials can thus be performed from (7) as soon as we know Fo and Fi(x).
The weights are given by (8) Pr = Fn>tx\ J w(x) x -Xr dx,r = 1,2.n.
Re-writing this as follows Observing that
we obtain the alternative formula (14) Pr = In-l/lFn'(Xr)Fn_i(xTn 3. In the case to be discussed we have w(x) = (a2 + x2)-1; ß = -a = 1. As the integrand xw(x)Fn2(x) is an odd function, kn is zero, and (15) Fn(x) = xFn_i(x) -In-iFn-.2(x)/In-2, which can be used for constructing Fn(x). Christoffel5 has communicated the following general expression for Fn(x) (16) Fn
where Pn(x) is the Legendre polynomial of degree n, and (17) o-" = o-"(ai) = 2Wn~i(ai) + 2iPn(ai)a.rccot a, i being the imaginary unit. The polynomial Wn-i(u) of degree re -1 is expressed by the formula (18) Wn^(u) = %j^ Pn_i(u) + 3^ Z i) P-"(")
, 2re -9 " . . ,
For Pn(x) and associated functions reference is made to E. W. Hobson.6 The quantities an(i) and Pn(i) are listed in Table 1 for re = 0(1)7. Table 1 n o-
(644 -205x)t/10 -41 512(205x -644)/121275(51x -160) 7 (1610x -5058)/35 -92t 1024(5058 -1610x)/693693(1744 -555x)
The division points -1 < x, < + 1 are thus the roots of the equation (19) Fn(x) = Pn(x) -(on/cn-2)Pn-2(x) = 0.
We observe the following properties of Fn(x) : The quotient o-"/o-"_2 is always real, the zeros of Fn(x) = 0 are distributed as the zeros of Pn(x) = 0, and formula of christoffel consequently symmetrical with respect to x = 0. For « odd, x = 0 satisfies (19).
Inserting (16) in (6) we obtain an explicit expression of 7". As the coefficient of xn differs from +1 we put
where w(x) = (a2 + z2)-1. We get
The first and last of these integrals can be evaluated as follows :
Introducing (22) and (23) in (21) we find
which also can be written as follows, if we insert (17) in the bracket, The quantities /" for a = 1 are given in Table 1 while arguments and weights computed for re = 2(1)7 are listed in Table 2. A. Reiz
Lund Univ. Lund, Sweden
